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e Upperbound: O(+ logn) bits.

en 2§n 3§n 45.”

e Lowerbound: (1 logn) bits.
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Fat point @ = 2¢n points. . 5 P
vV

| .
5= fat points

. .
= n= different point sets.

- Qlognz) = (1 log n) bits needed.
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Our Results

e Do better than e-approximation!

e Upperbound: O(é log log é log é log n) bits.

1
€

= Nearly log' > improvement from the c-approximation.

e Lower bound: (2(nlog n) bits needed for error log n.

- (2 log < log n) bits for & = ogh

= Orthogonal range counting with error logn is
as hard as exact counting.
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Combinatorial Discrepancy

e Range space (P,R) and a color function y : P —

{—1,+11.

n

X(PNR)=)  x(p);

pEPNR

RE7y | disofP, R)—mi .
L disc(P, R) m;n max x(PNR)|;
___________________________ disc(n, R):I“I}'ax disc(P,R).

0 n
e Upperbound: O(log”~ n) (Babsal 2010); Lowerbound: Q(log n)

(Beck 1981).
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Lebesgue Discrepancy

e Range space (P,R) in [0, |)2.

-D(P,R) = supper |IPNR| —n|RN0, 1)?|].

-D(an) — SUP|p|=n D(Pa R)

e Upper bound & Lower bound: G (logn) (Schmidt 1972).
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e \: A subset of P.

If [RNP| > en
Then [RNN| > 1.

0 n
o @(é log logé) points (Aronv, et.al. 2010, Pach and Tardos
201 1).
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e N: Not necessarily a subset of P.

If [RNP| > en
Then [RNN| > 1.

0 n

e O(< loglog 1) points.
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Data Structure

e Take an e-net of size O( loglog 7).

Each e-net point in O(log é) R

canonical intervals. i e e i > 2en
--------- To-e----eeees = en
Total # of bits: 5 e
O(: loglog < (logn +1log 2)). o
b s
e
S AP

Error: en for a canonical interval.

Total error: enlog é | |

= O(= L log log 1og log n) bits.
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Data Structure to CD

e Lower bound: {2(nlog n) bits needed for error log n.

e Collection P* of 2%(nlogn) point sets, s.t. V
P\, P, € P*, we have disc(P; UP,,R) > clogn.

' >
min max X ((Py UPy) NR)|>clogn

B | if p € Py;
x(p) = { —1 ifpeP.

IRNPy| —|RNPy|| > clogn
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Point Sets

e Collection P* of 28%(nloegn) point sets, s.t. V
P\,P, € P*, we have disc(P; U P,, Ry) > clogn.

e Random point set!

- D(P,R) = O(y/nloglogn) w.h.p.

- For ¢ = Q(\/log iog”), constant bits needed.
e Assigning {0, | } weights to a high CD point set?

- O(2") point sets.
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e Generalization of the Van Der Corput set (bit reversal).

e Low Lebesgue discrepancy.
- D(P,’R) = O(logn).

nlogn

e Large cardinality: 272 .

e High combinatorial discrepancy.

= disc(P,R) = Q(logn).
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Binary Nets

e Generalization of the Van Der Corput set (bit reversal).

e Low Lebesgue discrepancy.
- D(P,’R) = O(logn).

nlogn

e Large cardinality: 272 . 21981 point sets in total!

e High combinatorial discrepancy.

= disc(P, R) = 2(logn).
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logn

log n layers = 2: point sets.
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e Generalization of the Van Der Corput set (bit reversal).

e Low Lebesgue discrepancy.
- D(P,’R) = O(logn).

nlogn

e Large cardinality: 272 .

e High combinatorial discrepancy.

- disc(P,’R) = Q(logn).
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Corner Volume

Lemma: If corner volume sum > cn? log n, then disc(P) =

Q(logn).

= Constant fraction of cells in each layer have corner vol-

ume 2(n).

Proof: Roth’s orthogonal function method (Roth |1954).

= Widely used for proving lower bound for Lebesgue dis-
crepancy.

= Chazelle: "Most beautiful proof in discrepancy theory".
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Large Corner Volume

n : :
l .

O 5 : 5 -

log n layers = corner volume sum > cn? log n.



Goal: Collection P* of 2}("1°gn) point sets, s.t. V
P\, P, € P*, we have disc(P, U P, R3) > clogn.
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e Need to refine the point sets!
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Lemma: If corner volume distance > cn? log n, then disc(P,U
Pz) — Q(lOg n).



Goal: Find a subcollection P* of 2¢}("1°gn) point

sets, s.t. V P,P, € P*, the corner volume dis-
tance A(P;,P;) > cn?logn.
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L I () n L I () L
Z'_{o AT Zz-“ﬁ%”‘{o . Aoz 2 g

® Let Z — (Z|, .« ,anogn).
32

An assignment of Z < > A binary net

nlogn nlogn
2

Vector space {0, |} 32~ < > P =2

H(Z(P,),Z(P,)) > cnlogn < > A(P,Py) > % logn

nlogn

e Large subspace of {0, |} 72 with large mutual
hamming distance!
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o N = 228" 3Z C {0,1}N, st. |Z| = 29N and

V2,7, € Z, H(Z| : Zz) = Q(N)

7 —= 7, 2N vertices

Graph
° / Independent set of size 29*(N)

= Fix Z/| and choose a random Z».
- H(Z,, Z,) follows binomial distribution.

- Pr[H(Z),Zy) < IN] <e 1N <27 %N,

- Degree(Z;) < 21N = independent set of size 27N



o1P* C P, of 2§2(nlogn) point sets, s.t. V P|, P, &€
P*, the corner volume distance A(P,,P,) > cn?logn.
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e Upperbound: O(é log log é log % log n) bits.
= Nearly log'> ! improvement from the e-approximation.

€

e Lower bound: (2(nlog n) bits needed for error log n.

logn

- (2 log < log n) bits for € =

= Orthogonal range counting with error logn is
as hard as exact counting.

= Point sets with large union CD.
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Conclusion and Open Problems

e Weak e-net of size O( | /¢)?

- Lower bound of Q(< loglog +) (Pach and Tar-
dos 201 I) only works for strong c-net.

- Weak e-net of size O( 1 /¢) for binary nets.

= Strong e-net for binary net Q(é log log é)’

e Implication on combinatorial discrepancy?

e Usage of binary nets in streaming lower bounds.

- Sliding window quantiles :0( . log? 1).



Thank you!



